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A method is suggested for the construction of an improved theory for a plate with
arbitrary smooth contour, which allows to determine the interior state of stress
and strain of the plate with an arbitrary degree of accuracy,

The asymptotic analysis of the solutions of elasticity theory problems [1 - 3]
has shown that the state of stress of a plate can be separated into an internal state
and a boundary layer~type state, The solution of the Kirchhoff theory is the first
term of the asymptotics of the internal state of stress of the plate and has an error
of order A (A is the relative thickness of the plate) for a sufficiently slowly chan-
ging external load applied to the edges of the plate,

In [4] boundary value problems are formulated for some homogeneous condit-
ions on the contour of the plate, whose solutions have an error of order A2 for
the interior state of stress, The constants which occur in the refined boundary con-
ditions are not actually determined, In [5], for a circular plate whose contour is
free of stresses, one formulates fundamental equations which assure an error of
order A% for the interior state of stress,

1, We consider the elastic equilibrium of a multiply connected plate (Fig, 1), We
will assume that the distances between the surfaces I'; are sufficiently large in compa-
rison with the thickness, such that the mutual influence of the boundary effects can be

neglected, We assume that the edges of the plate
@ are free of stresses and on the surfaces I'; we

@ may have boundary conditions of the following
= type:
2h h Snlp = N (s, L), Taslr = T'(5,0)
( Tnz 'I‘ =27 (3’ C) (1'1‘)
. Us, |I‘ = U, 'I‘ =w II‘ =0 (12)
Fig, 1
GnlI‘=Tns|I‘=wll“zo (13)
Snlp=tslr =w|p=10 (1.4)
Uy II‘ =U (37 §), Tas II‘ =T (sv Gy Tnz II‘ = Z(S, C) (1'5)

Far from the edge the state of stress and strain of the plate is determined by the foll-
owing expressions:
in the case of bending

5" = 2p{x§31 () + _;__(v + %) A3 (—:3,’— L — Q“) ajﬁl"} (1.6)
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Gu® = 20 v+ DALR, (1) + 5 (v+ )2 (-0 — ) Ra (A}
1,0 = 2uvAe (1 — 1) 8%

on
u,,°=a{(v+1)7»§-‘2‘—p— _L<V+L)x3(%§,§3) 333:’}
us°=a{(v+l)kc s BEES (v+ )M(s t— 2 S AN (%)

v = al— v+ e+ [ T — v — 11 Ayl

& 1 & R 0
Ry(9) =2v5o b — 1)<F2-'8;5+H?{ alp +1 g at)

o a 9
By (V) = 77 5o — 77 3
v=1/(1—25), A=h/a, H=1-}+na/R

in the case of extension

0" = 2| — L3 Sua* (0, ) + m —a—sn* (@] —
— 1 (=)~ I Su @+ m g S (@]}

(1.8)

2“{[_1——511 (P, %)+ m"a—Sm* (s )]_‘

(%—— )[m“——Szz(@) + 1 as Sa ((P)]}

=0
Uy {[lSu (®, %) + mS1a (9, X)] — xﬁ ) (1521 (9) + mSss (‘P)]}
(1.9)
40 = a {81 (0, 1) — M (0, 1)] — 4 (- — 1) 1S (9) — Sy ()1}
— 20 2N (@ )

w°
le(w,x)=—%—[~%(q>+cp)+(zw +29) + (x + %]

Su(cp,x>=—‘—[—x<cp—i>) + @Y —29) + (4 — )]
S (¢) = a® =

o 9 —1 " o
T @+ @), Sa(9) =i = (v — 7))

Si* (@, %) = S5 (SP,’)C) P ?IZ y 2=z iy, I =cos(nx), m = cos(ny)

Here P (r, s) is a biharmonic function; ¢ (z), ¥ (z) are analytic functions of the
complex coordinate 3; T, S, ¢ are dimensionless curvilinear coordinates (see Fig,1);

Ik, O are elastic constants; 24 is the thickness of the plate; a is some characteristic
dimension of the plate in the plane,
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The purpose of the paper is to formulate in the problem (1.1) - (1, 5) boundary cond-

itions for the functions ¥, ¢, % such that the corresponding interior state of stress and
strain should have an error O (A™).

2, We consider the case of the boundary conditions (1,1), According to [2, 3] on the
boundary I'; we have

° - 3B
On = 6n° |nmo + 4BAE D) Lk (C) (—"~
k=1

a 8bk)
dson |n=p H s,
- F_" ac
" p a F4
_ xugl{vap e _T[ - _(v—1)Fp]a— ey
o S by oB B
Tps = Thne I'n=0 + 2“')\2 2 l_’{ (C) < 65.2k ‘T'—I't_l{— ank - anzk> n=0 -
k=1 '
it F_" *C, a 0,
—hp 2[ T”. —(v—1)F }(anas n__o—T”as—) (2.2)
ab
Taz Tnz ,n“O + 2“"\' 2 lh (C) k + 2!“W 2 FP 6n n=9 (23)
ot F)r ac,
Up = Uy, |n_o+2x2a§]lk(§)ab" kf 2[( v+1)— —(v 1)F] A
p=1
(2.4)
e = 1 e — 2000 D) 1y (1) 2 -ﬁi[ e -0, 52
8 n==0 = K ne=9 2 = 'sz ) Py gg
(2.5)
vt 3 [<v+1) RCYRIE)Y X PR X

Here By, (n, s), Cp(n,s) determine the boundary layer solution of the equations

sz sz R
AB, — = B, =0, AC, — - C,= (2.7
in the case of bending

Fo(t) = (sin Yo — p” ) sin7pf 4 L eostpcos vl k() = sin GkC
sin 2y, — 21, =0,

in the case of extension

Fp ) = (cos T + sm: ) c0s 7pf + L sintpsin g, I (g) = €08 6y

sin 2y, + 27, =0,

cosg, =0

sin ¢ k= 0
Here F_ (L) are the Papkovich functions, The following generalized orthogonality con-
dition holds for them: |

4Tl41 P= ¢
-1

(2.8)
0, p+t
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In [2, 3] the asymptotic representations of the sclutions of Eqs, (2.7) are given in terms
of their boundary values by (s}, ¢p (s). In the sequel we will assume that these functions
can be represented in the form

o o
be(s) = X Al (s),  cpls) = D) Mep(s) (2.9)
i=0 =0
The coefficients by;, €5 of these expansions are determined from infinite recursive sys-

tems [2, 3],
First we consider the case of bending, We introduce the notation

IMn=—;~1SNC“d§, an-;'_iTz;ndg (n=1,3, ‘”:';—IS

—1 —1
1 1 i
1 1 i
0s =5 \zvar, 1= (1@, v = (ML E=12.
—_1 —1 =1
(2.10)
1
1 LS| ~ ”
N(a)wﬁ—glNl(V”‘*i)ﬁP—“hz p]dg’
i 1 . .1 i
Zp: ﬁ_ SZ[ vy [,»P" ;(jz (p:::i,z,...)
-1
According to [2], we have
1) (— H*! 1
bro=10, bp=—"—"">3 26 )( fz(‘P)“‘—“‘Tk
2 (i f+1 5 b
b= 2L | LR W — 0+ ) B )] oy — (241)
2— 1 Qo8 ( Ip+ o::') , 1 [oNY  q )
Sk gl Tp’*";kar}'? 1—*\.}7?_% Co ——2?‘%(\ 9s _Z‘?Tﬁ' T
, 1
Cpo = ¢py = 0, Cpp = Op /Ty () Ine - n B+ - (2.12)
o=—2(v—1)Mq,, B=—Mr

Here M is the inverse matrix of the infinite system of linear algebraic equations which
determines ¢, and it is independent of the load and of the geometry of the plate;
a, B, q;, r are infinite dimensional vectors with components ¢,, Pp, Yp ! sin%y,
Zp + vV, (p = 1,2, ...), respectively,

On the basis of the formulas (2,1) — (2. 3) we construct the expressions for the bending
moment and for the generalized shearing force on I'; Taking into account (2,10), we

have > K+t
4 o — , ~—1
My = —pR, (}) e T ’\4‘{ 4 Z ‘("‘EE)E““ by — ZJ Tpl'p cp, -t

=1 IEY

; 1 /7 . 1 #Ay
AR — oy b ) :
L Z}L : 3 v 3 dn? 1;3*{)
> 1 E+1 . ' \ o
44 Y (— }* § _jla a 9 a _v—1 a u N
”‘le 3 {5 R b T T 28 b | — —— 7 Z‘Tpf’p*fpa 2
o p:':

YV —_— 1 a* g > 1 ; - .o
+ I <W — ) p% Fytep) 10 () (2.13)

i
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@+%=§q I v+ &m]

k —
+7»2u{42 A Tt erpF' *em} +
=1 p=
R+
Pl ) |43 S i e

k=1

9 P 2 —i B2
+ 3 (29w — ) ba) + T g 2%5’ s —

() Bl roer i

=1

sin? ']'p

1
For = tF Qg = —4 —
—1

Then from (2, 3) we obtain

< 2
Qs =h 20| tap I (— e TR by M ) —
k=1
—4uy 3 Fy* [yt -+ <'r,,cp3 zwcm) b ] (2.15)
p=1
From (2, 15) we have 0:
Z TpFp*tpe = — Inv
=1

- 2 aA ~2
2 ToFp¥ens = ‘1—5;7,?' e TV 2 (=) Gk by +

=1 k=1

b 3 B 210

p=1

Substituting (2, 11), (2, 16) into (2,13), (2.14) and taking into account (2, 12) we obtain
boundary conditions for the determination of ¥ (1, S} which is correct within quantities
of order A? compared to unity,

By (9) bnmo + M24 (v + 1) 5 Ry () o + N[ — 5 (v 5 ) T 4
+5 0+ (Fr ) RW]_ 00y =

n—=0

3 @ (— e 3(v—1
=L{-2_M1+x[6182,‘ a,} r,— =02 0,] +

1 3 1 d d i LY | dG
+A"[T (_"_2:.\*,:,..__"__ _3_.i) (G —3G) — 20 =1 a dG

— g3 (M — M) + 5 2555 0 + L] +0 00 @17)
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_I_

n=0

|29 288 4 (v 1) Bo ()], + M2AG + 1) 5 By (9)

4,xz[__{%(v4_%t)ggzg(Aw)+»g O+ Vg (7 + 5 o) R _, +
d a i (_1)k+1T

d
ds R oxt K+
k=1

+OM) =55 (00 +

—1) d 1 t & :
+3%TL¢90]+“?—7%J%;Eﬁ+&%y%“ﬁﬁy%

3 —) @6 _ 1 d o d 0 3 .
10v ds® 2 ds R ds ( 3 5 1)
3(v—1 sz !
40v - ds I{ ds ] 0 (K3) (2'18)

)4&[6

—3(1—v) 2 sin? Y

p=i

-H222~W§L~OMIJJNMp~MM

2 (B -+ - Mytp) -

1 et o” (Yp® — 5k?) Tp
4 1 04050, 6 >0
T A5 { — 04050, o5 <0

Obviously, the process of the construction of the boundary conditions for 1§ can be con-
tinued as much as desired in the case of sufficient smoothness of both the contour and the
load, In the first approximation the relations (2,17), (2,18) coincide with the boundary
conditions of Kirchhoff's theory, From (2,17), (2.18) we can also see that in the general
case of given stresses under bending, the boundary conditions for ¥ can be constructed
without the inversion of the infinite system, with an accuracy to quantities of order A
compared with unity,

In the case when the surface I'; is free of stresses, the boundary conditions for ¥ can
be constructed without the inversion of the infinite system with an accuracy to quantities
of order A2 compared with unity, In this case €pz = 0 [6] and from (2.17), (2.18) we

obtain (2.19)
a 3, . 4y @A
Ry () lnmo + M24 (v + 1) 5= Ry () o A? {— 10 (V -+ —g—) 5,;? +
841 a 2 a =
20D (e — S ) R, 00D =0

[2v 28 v 4 ) R ()], +M2A0 + Do Ra (0], o+

2 2 52
+r[— g5 ( v )2 Re(AW) + 0+ D) g (7 ) R D)
LOM) =0
We consider now the case of the extension~compression of the plate, In the same way
as before one can construct a process in order to obtain boundary conditions for the det-
ermination of the analytic functions ¢ and ¥ with an arbitrary degree of accuracy, In
the given case, without the inversion of the infinite system, one can formulate three



Construction of refined applied theories for a plate 257

approximations of the boundary conditions for the plate acted upon by an arbitrary load
(2,20) and five approximations for the free contour (2, 21)

- 2u [S1a* (@, %) — iS50 (@2 Wla=o + O M) = Xpg + i¥no +
S omd) o1
R e R e e
+{(z-§’;-—m1—{)+z( Lt )] ( +Ne— Ny)} +009) (2.20)
— 2 1S (1) — ESy* (9, Do -+ M L2210 - im) [ 75 Sa @) +

TS @]+ — D[ S0) — 3 S @]} +00n =0
(2.21)

Ss(@) = — 12 S0 (0) + Mo Sy (0) S4(9) = LSy (9) + 11— 532 (®)

Here we have denoted

1 H :

i

Xpp =g \ (NL—Tm)di, Yoo= + S (Nm+-ThdE,  Z,= - S 2tdg
..'_'.1 —1 -1

1 1
; 1 i .
vo=4 S vear, n=p (TR o=y
—1 —1
3, We consider the case when the contour I'; of the plate is rigidly fixed, In the

bending problem, satisfying the boundary conditions (1.2), we obtain

Cpo = Cpy =0, Cpg = %31 ) lneso? * * * (3.1)
Substituting (3, 1) into the expressions (2,4), (2, 6) and taking into account (1,2), (1. 9)

we obtain with an accuracy to quantities of order A compared with unity, the boundary
conditions for the determination of ¥ (n, s)

A v —1) o siny B
Cr I R A‘"-nzo,,élTp%]*‘O("z)—o

P o + 0K =0 3.2)

As before, this process can be continued as much as desired,
In the case of extension one can construct in the same way boundary conditions for
the determination of @. X

_ > sin?y
(m —+ i) [S12 (@, X) — i1 (9, ) Inmo -2 (@7 4 F7) 2 28, +O(A) =0
p=1
v{v—1)
vt M9 (3.3)
where 8, q, are infinite dimensional vectors with components §,, ¥p 1 sin? v,
(p = 1,2, ...).respectively, M, is the inverse matrix of the intinite system given in

EIN

§ =258
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4, We shall consider the surface I'; articulated, if on it the conditions (1. 3) or (1,4)
hold, In these cases the matrices of the systems of equations for the determination of
by; and cy; turn out to be in the diagonal form [7], and the boundary conditions for the
determination of the penetrating part of the state of stress can be obtained in explicit
form with any degree of accuracy, We give two terms of the expansions of these boundary
conditions for the cases (1, 3) and (1,4), namely the relations (4,1), (4. 3) and (4. 2),
(4.4) respectively,

In the bending problem (4.1)

By (@) lomo + 1 [124 (v + ) 5 Ry (9) — 2=t £ BAy] 06 =0

i sint ¥ —0.01476, Reyp >0
N{ 0.01476, Re7p < 0

‘P In:() + 0 (7\2) == 0:

pe=t

By ()b + 4| = S0 S BAG] 4002 =0,  plm+ 008 =0

Ti==f)

in the extension problem
a L ;
(- Lm') be [Sp* (Pax) — IS G, W o +

(v — 12 4B N, , . = s ,
Mm@ ], 0 =0 ()

J p Jd o
[* Le S (4 %) -+ mo= S (4, x)lw 4=
. dlv =18 a5 ;
*?‘i"(v.;avl)(;av—i) 5@ e )L,-_-o

81 () — M1y (4 o - O (7)== 0 (4.4)

O (W) = U

B, - i s, {m g.ggizzg ReYp >0
—t {p” 002899, BReyp < O
5, The mixed boundary conditions of type (1, 5) present interest, They are obtained,
in particular, in the case of shrink fitting in the presence of friction forces, As in the
previous case, one can construct here the boundary conditions for ¥, ¢, ¥ in explicit
form with any degree of accuracy., We give two terms of the expansions for the cases of
bending and extension,
In the bending problem
N (A2) == _ 3 Ty A Y=t a g 0 (A2 } 5.1
on [n=o ' \ 2a (v 4 1)[ 1 8v M 2o ) . )

’ aA ] v g
sz anlp + -5 Ry (‘P)] 24 ) o ;’f ié‘ii

+ 00 =

n=

3 ; ® d a (-1) r
= Qo+ T -8 b i 2 5 R

oo 0 )
a4 e Z(_‘_lfiy' b 200—1) d a d SmZ:ﬂ U, -+
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o

| o

—

Uy= 5 \ UL, U= 1 \ ndr,  U,® = % § UF,"dg (5.2)
in the extension problem -
@183 (1, 7) + M1z (8, lamo + O (02) = Uy + A= 22 2,4 O (W)
2 I%Su (9, %) - ‘9 — 81 (1, x)} +O@M) =T, +

I 4 sin? T ‘
‘”‘%[%21— v—:i " ds 2 =U (3)} 00 (5-3)

1
U, = Ug® = 5 S UFy'dt

—1

—
lc-/;»—l
S
S
g

2

8, In conclusion we prove that for the boundary conditions of the type (1,1) and (1, 5)
in the case of axisymmetrical deformation, the penetrating solution can be determined
exactly without making use of the asymptotic method,

Indeed, considering the boundary conditions (1,1) and taking into account that no stress
function depends on g, we have in the case of bending

IV Q) = 2 AR )+ A (v ) (e - ) SR -
At 2 Fyep + Mg 2 [(1 — ) Fpt (v + ] 7] ©D
2@ =202 (1 — )| 42w % Fy e - (6.2)
From (6,2), integrating from zero to {, we obtain

Substituting (6, 3) into (6.1), (6.2) and integrating from —1 to 1, we obtain the following
boundary conditions for y:

3 v—1 /02 Q dAY _ 3 _Q_o )
Ry hmo = g [ M1 =2 25 (S + 2] T L = €4
In the case of extension we obtain in the same way
a . § 1
—o [— S1a* (@, %) +8S0* (P, Wn=o = 2—};[ B R —a— 1J (6.5)

Formula (6, 5) does not take into account axisymmetric torsion, for which the boundary
conditions have the form

12 i Ty
{l ES‘— Sll* ((‘Py X) + m e SIZ* ((P’ X)]n=0 = _}T (6_6)

In the case when condition (1. 5) is given on the contour, we have:
for bending
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dy 1 3 iUt A yv—1 , | v+ 1
dn =0 TW\T e ( 7— e 5 00”
dAY 3 Qn ,
@ In—o  Bpv AT (6.7)
for extension
—1
[lSu(Py X) -Jy" m'glz(Pa x)]11=0 = UO +_ _% v4v }"Zl (6.8)

In the given formulas Rey, >0, 6, >0 for I, and Rey,< 0 6, < Ofor I'; (i =
=1,2,...,n).
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